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Total charge densities �(r) of solid NH3 have been derived using an ab initio

crystalline molecular-orbital approach and also from multipole re®nement of the

structure factors obtained from the same charge density. Comparison of the

topological features of these charge densities, as de®ned by the quantum theory

of atoms in molecules, has been used to probe the ability of the multipole

analysis to reproduce exactly known total charge-density distributions. For the

most part, multipole re®nement satisfactorily returns the features of the original

density, although the ®t to theoretical data is not as good as that to the

experimental data. The one topological parameter that is poorly reproduced is

the Laplacian r2��rb� at NH bond critical points.

1. Introduction

The ®tting of multipolar density functions to experimental

X-ray diffraction data has become a standard method of

obtaining experimental electron densities (Coppens, 1997;

KoritsaÂnszky & Coppens, 2001). The model of expanding the

charge density of a molecule in a unit cell through a ®nite

expansion of multipoles centred on each atomic centre was

®rst proposed by Dawson (1967). It was further elaborated by

Stewart et al. (Stewart, 1976; Bentley & Stewart, 1976; Epstein

et al., 1977). Electron densities expressed in this manner can

be used to obtain molecular electronic properties such as

orbital populations, deformation densities and electrostatic

moments (Coppens, 1992; KoritsaÂnszky & Coppens, 2001).

The topology of such densities can also be analysed using the

theory of atoms in molecules (AIM) (Bader, 1990). A variety

of such studies has been published, ranging from the relatively

simple NH3 molecule (Boese et al., 1997) to more complex

organic molecules (Flaig et al., 1998; Souhassou & Blessing,

1999; KoritsaÂnszky et al., 1999, 2000), and transition-metal

complexes (Smith et al., 1997; Iversen et al., 1997; Macchi et al.,

1998a,b; Bianchi et al., 2000; Bytheway et al., 2001) as well as

the bulk crystalline phase of SiO2 (Rosso et al., 1999) and

Cu2O (Lippmann & Schneider, 2000). Analysis of charge

densities using the theory of AIM is appealing since it

provides de®nitions of atoms and bonds that depend only on

the charge density, not upon the method by which it was

obtained. Direct comparison with theoretical charge densities

is, therefore, straightforward.

In general, the agreement of topological descriptors of the

charge density obtained from multipole-®tted experimental

charge densities with those obtained from ab initio molecular-

orbital calculations is not particularly close unless the theo-

retical density also is projected into a multipolar expansion

(Howard et al., 1992, 1995; Volkov, Abramov, Coppens &

Gatti, 2000; Volkov, Gatti, Abramov & Coppens, 2000). One

possible contribution to this disagreement between experi-

mental densities obtained through a multipole expansion and

those obtained directly from theory is the multipole analysis

itself. This paper is solely concerned with assessing the accu-

racy with which the currently favoured multipole models can

reproduce a precisely known density in a crystal.

The approach used in this work is similar in spirit to that of

Spackman et al. (Spackman & Byrom, 1996; Spackman et al.,

1999). In their work, structure factors were calculated by ab

initio methods for crystalline systems and then subjected to

aspherical atom multipole re®nement. Multipole functions

were used to compute molecular dipole moments, quadrupole

and second moments, interaction energies and electric ®eld

gradients at each nuclear site, all of which were compared with

results obtained from the original ab initio wavefunctions.

Volkov, Abramov, Coppens & Gatti (2000) used the methods

employed here as part of their consideration of the discrep-

ancies between experiment and theory for the properties of

bond critical points in p-nitroaniline and p-amino-p0-nitro-

biphenyl.

Investigations of the multipole analysis of charge densities

in molecules have also appeared recently. de Vries et al. (2000)

have calculated structure-factor amplitudes for urea and

subjected them to multipole analysis in order to test the

reliability of this approach for obtaining interaction densities.

Moss et al. (1995) used simulated X-ray data obtained from

single-molecule HF calculations on H3PO4 to test pseudoatom

multipole modelling of the valence-electron-density distribu-

tion. Speci®cally, these authors were interested in the radial

modelling of the M valence shell of phosphorus, and in the
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deconvolution of nonspherical density features from aniso-

tropic vibrational smearing. In a recent study by PeÂreÁs et al.

(1999), it has been shown that a number of different multipole

expansions ®t the experimental X-ray data for ammonium

dihydrogen phosphate equally well. Another study, by Pillet et

al. (2001), was directly concerned with the capability of the

multipole model to reproduce the electron density of

corundum. Theoretical as well as experimental data were

used. Complete ®tting of the data for this crystal required an

extension of the standard multipole model to include both a

core � parameter and multipoles up to lmax � 6. In a different

vein, Volkov et al. (2001) used multipole re®nement of theo-

retical structure factors to obtain optimized values of the �0

parameters that govern the expansion or contraction of the

radial functions in the higher multipole expressions. Their

purpose was to con®rm the correlation between monopole-

derived net atomic charges and atomic �0 values and establish

a relation between the two that could be useful in multipole

re®nements of X-ray data for large molecules.

In contrast, we have used a much simpler model system,

crystalline NH3, in order to examine carefully the ability of the

multipole method in its standard form to reproduce a precisely

known charge density. The NH3 crystal has been the subject of

a recent X-ray diffraction experiment (Boese et al., 1997) and

was chosen for this work in order to take advantage of the

known crystal parameters.

The purpose of this paper, therefore, is to compare the

topological descriptors obtained from a precisely known

charge-density distribution derived from an ab initio calcula-

tion with those obtained from a multipole analysis of the

structure factors generated from the same ab initio charge

density. This was carried out by focusing upon the topology of

the total charge density �(r) and the negative of its Laplacian

[L � ÿr2��r�].

2. Theoretical details

Total charge densities, �(r), and X-ray structure factors, FCMO,

for crystalline NH3 were calculated using the crystalline

molecular orbital (CMO) approach of the CRYSTAL98 soft-

ware package (Saunders et al., 1998). Cell parameters from the

experimental study of NH3 (Boese et al., 1997) were used

throughout. Fig. 1 shows the relative arrangement and

geometries of NH3 molecules in a unit cell. The conventional

Hartree±Fock method as well as the BLYP density-functional

method (Becke, 1988; Lee et al., 1988) were used to generate

total charge densities. The TOPOND program (Gatti, 1998)

was used to analyse the topology of the total charge densities

of crystalline NH3.

The 6-311G** basis set was used (Krishnan et al., 1980) but

with the most diffuse s and p functions removed as recom-

mended (Dovesi et al., 1996) in order to avoid linear depen-

dencies that may arise from the use of very diffuse

components and which cause convergence dif®culties in the

CMO calculations.

The FCMO were used in aspherical atom multipole re®ne-

ments employing the Hansen±Coppens multipole formalism

(Coppens, 1997), as implemented in the XD software (Korit-

saÂnszky et al., 1997). Within this formalism, the aspherical

charge density is described by core, valence and deformation

terms in the form of a nucleus-centred multipole expansion:

�k�r� � Pc�c�r� � Pv�
3�v��r�

� �03 P4

l�0

Rl��0r�
Pl

m�0

Plm�ylm��r=r�;

where �c and �v are the spherically averaged charge densities

obtained from a Hartree±Fock wavefunction expanded over

Slater-type atomic orbitals (Clementi & Roetti, 1974) and

normalized to one electron. The real spherical harmonic

angular functions are denoted ylm� and Rl for nitrogen are the

normalized radial functions obtained from the one-exponent

wavefunctions of Clementi & Raimondi (1963) as used by XD

(KoritsaÂnszky et al., 1997). For hydrogen, both the atomic

radial function and the scattering factors of Stewart et al.

(1965) were employed and the results are compared. The

radial extents of the spherical and aspherical densities are

controlled by the dimensionless parameters � and �0, and Pv

and Plm� are the populations of the different multipoles.

The weighting scheme used during re®nement was

w � �ÿ2�Fobs
i �, where Fobs

i are the structure factors from

experiment or from a CMO calculation, and electroneutrality

of the NH3 molecule was enforced. Each structure factor was

either assigned a token error [��Fobs
i ) = 0.001] or an error

based on the experimental errors of Boese et al. (1997).

Experimental data were kindly supplied by Professor Boese.

However, these data were only for re¯ections with

�sin �=��< 0:7 AÊ ÿ1. � for these re¯ections were set at the

experimental values while values for those with

0:7< �sin �=�� � 1:05 AÊ ÿ1 were assigned on the basis of

errors for similar intensity re¯ections in the low-angle

experimental data.

Figure 1
The experimental structure of NH3. The space group is P213 with a =
5.1305, d(NÐH) = 1.01, d(N� � �H) = 2.400 AÊ and �HÐNÐH = 109.0�.



Only unique re¯ections were re®ned, and no correction for

thermal motion was introduced. Re®nements were carried out

with multipoles for l � 4 on N (M1, D0, Q0, O0, O�3, H0,

H�3), and both l � 1 and l � 2 on H (M1, D0, D�1) and (M1,

D0, D�1, Q0, Q�1, Q�2). The re®nement was performed in

the following steps:

(i) Re®ne Pv

(ii) Re®ne Plm

(iii) Re®ne Pv and Plm

(iv) Re®ne �(N)

(v) Re®ne �0(N)

(vi) Re®ne �(N) and �0(N)

(vii) Re®ne Pv and Plm again.

The � and �0 values for hydrogen were ®xed at 1.2 for the

atomic radial functions and at 1.16 (PeÂreÁs et al., 1999) for the

Stewart et al. (1965) functions. This re®nement strategy is

based on the unrestricted multipole re®nement methodology

used in recent similar studies (Abramov et al., 1999; Volkov,
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Table 1
R-factor agreement statistics, �(N) and �0(N) for XD re®nements.

See the text for details of the abbreviations.

Data %Rf �(N) �0(N) Data %Rf �(N) �0(N)

HF(L,W) 2.46 1.03 1.08 BLYP(L,W) 2.36 1.02 1.08
HF(L,U) 2.05 1.03 1.13 BLYP(L,U) 1.91 1.03 1.15
HF(A,W) 1.90 1.01 1.06 BLYP(A,W) 1.78 1.02 1.06
HF(A,W,S) 1.95 1.00 1.08 BLYP(A,W,S) 1.77 1.01 1.10
HF(A,U) 1.67 1.02 1.09 BLYP(A,U) 1.49 1.02 1.10
HF(A,U,S) 1.79 1.01 1.10 BLYP(A,U,S) 1.58 1.01 1.12
HF(A,U,D) 1.87 1.02 1.08 BLYP(A,U,D) 1.74 1.02 1.07
HF(6-21G��,A,U) 0.99 0.98 0.99 EXP(A,U,D) 0.87 0.96 1.00

Table 2
Multipole population parameters from the XD re®nements.

Parameters for N
Data M0 D10 D20 O30 O33 O3ÿ3 Q40 Q43 Q4ÿ3

HF(L,W) 7.00 (6) 0.11 (1) 0.10 (1) ÿ0.02 (1) 0.07 (1) 0.03 (1) 0.00 (1) ÿ0.01 (1) 0.00 (1)
HF(L,U) 6.92 (9) 0.10 (1) 0.10 (1) ÿ0.03 (6) 0.05 (2) 0.05 (6) 0.01 (1) 0.00 (2) 0.00 (2)
HF(A,W) 7.01 (6) 0.11 (1) 0.10 (1) ÿ0.01 (1) 0.06 (1) 0.03 (1) 0.00 (1) ÿ0.01 (1) 0.00 (1)
HF(A,W,S) 7.43 (6) 0.10 (1) 0.10 (1) 0.00 (1) 0.06 (1) 0.04 (1) 0.01 (1) 0.01 (1) ÿ0.01 (1)
HF(A,U) 7.01 (6) 0.11 (1) 0.10 (1) ÿ0.02 (1) 0.05 (1) 0.04 (1) 0.01 (1) 0.00 (1) 0.00 (1)
HF(A,U,S) 7.43 (6) 0.10 (1) 0.10 (1) ÿ0.01 (1) 0.05 (1) 0.04 (1) 0.01 (1) 0.01 (1) 0.00 (1)
HF(A,U,D) 7.13 (3) 0.09 (1) 0.10 (1) ÿ0.01 (1) 0.05 (1) 0.04 (1) 0.00 (1) ÿ0.02 (1) 0.01 (1)
HF(6-21G��,A,U) 7.31 (3) 0.03 (1) 0.04 (1) 0.00 (1) 0.04 (1) 0.04 (1) 0.01 (1) ÿ0.01 (1) 0.00 (1)

BLYP(L,W) 7.13 (9) 0.06 (1) 0.08 (1) ÿ0.02 (2) 0.06 (1) 0.01 (1) 0.00 (1) ÿ0.01 (1) 0.00 (1)
BLYP(L,U) 7.04 (9) 0.06 (1) 0.08 (1) ÿ0.03 (1) 0.04 (1) 0.04 (1) 0.01 (1) 0.00 (2) 0.00 (1)
BLYP(A,W) 7.16 (6) 0.07 (1) 0.08 (1) ÿ0.02 (1) 0.06 (1) 0.02 (1) 0.00 (1) ÿ0.01 (1) 0.00 (1)
BLYP(A,W,S) 7.55 (3) 0.06 (1) 0.08 (1) ÿ0.01 (1) 0.06 (1) 0.03 (1) 0.01 (1) 0.01 (1) 0.00 (1)
BLYP(A,U) 7.16 (6) 0.06 (1) 0.08 (1) ÿ0.02 (1) 0.04 (1) 0.03 (1) 0.00 (1) 0.00 (1) 0.00 (1)
BLYP(A,U,S) 7.55 (3) 0.05 (1) 0.08 (1) -0.01 (1) 0.05 (1) 0.03 (1) 0.01 (1) 0.01 (1) 0.00 (1)
BLYP(A,U,D) 7.25 (3) 0.05 (1) 0.08 (1) ÿ0.01 (1) 0.05 (1) 0.03 (1) 0.00 (1) ÿ0.02 (1) 0.01 (1)
EXP(L,W,D) 7.55 (3) 0.01 (1) 0.00 (1) 0.02 (1) 0.01 (1) 0.00 (1) 0.00 (1) 0.00 (1) 0.00 (1)

Parameters for H
Data M0 D11 D1ÿ1 D10 Q20 Q21 Q2-1 Q22 Q2ÿ2

HF(L,W) 1.01 (2) ÿ0.01 (2) 0.01 (3) 0.17 (2) 0.09 (3) ÿ0.02 (2) 0.01 (5) 0.00 (3) 0.03 (3)
HF(L,U) 1.02 (3) ÿ0.03 (2) 0.02 (4) 0.23 (2) 0.10 (3) ÿ0.04 (3) ÿ0.02 (6) 0.05 (3) 0.04 (3)
HF(A,W) 1.00 (2) ÿ0.01 (1) 0.00 (2) 0.17 (2) 0.10 (2) ÿ0.02 (2) ÿ0.01 (3) 0.01 (2) 0.03 (2)
HF(A,W,S) 0.85 (2) ÿ0.02 (1) ÿ0.01 (2) 0.15 (2) 0.05 (2) ÿ0.03 (2) ÿ0.04 (3) 0.01 (2) 0.03 (2)
HF(A,U) 1.00 (2) ÿ0.03 (1) 0.03 (2) 0.23 (1) 0.09 (2) ÿ0.04 (2) ÿ0.02 (3) 0.05 (2) 0.05 (2)
HF(A,U,S) 0.85 (2) ÿ0.03 (1) 0.02 (2) 0.18 (1) 0.03 (2) ÿ0.04 (2) ÿ0.02 (3) 0.05 (2) 0.04 (2)
HF(H,U,D) 0.96 (1) ÿ0.01 (1) 0.03 (2) 0.23 (1)
HF(6-21G��,A,U) 0.90 (1) 0.00 (1) 0.00 (1) 0.16 (1) 0.04 (1) 0.01 (1) 0.00 (1) 0.01 (1) 0.00 (1)

BLYP(L,W) 0.96 (3) 0.00 (2) 0.03 (4) 0.14 (3) 0.08 (3) ÿ0.02 (3) 0.03 (5) 0.01 (3) 0.03 (3)
BLYP(L,U) 0.98 (3) ÿ0.02 (2) 0.03 (3) 0.21 (2) 0.09 (3) ÿ0.04 (3) ÿ0.01 (5) 0.05 (3) 0.04 (3)
BLYP(A,W) 0.95 (2) 0.00 (1) 0.01 (2) 0.14 (1) 0.09 (2) ÿ0.01 (2) 0.01 (3) 0.01 (2) 0.04 (2)
BLYP(A,W,S) 0.82 (1) ÿ0.01 (1) 0.00 (2) 0.13 (2) 0.04 (2) ÿ0.02 (2) ÿ0.02 (3) 0.02 (2) 0.03 (2)
BLYP(A,U) 0.95 (2) ÿ0.02 (1) 0.03 (2) 0.21 (1) 0.08 (2) ÿ0.03 (2) ÿ0.02 (3) 0.07 (2) 0.06 (2)
BLYP(A,U,S) 0.81 (1) ÿ0.02 (1) 0.02 (2) 0.16 (1) 0.02 (2) ÿ0.04 (2) ÿ0.01 (3) 0.06 (2) 0.05 (2)
BLYP(A,U,D) 0.92 (1) ÿ0.01 (1) 0.03 (2) 0.20 (1)
EXP(L,W,D) 0.82 (1) ÿ0.03 (1) 0.00 (1) 0.02 (1)
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Abramov, Coppens & Gatti, 2000; Volkov, Gatti, Abramov &

Coppens, 2000).

Agreement statistics, multipole parameters, � and �0 values

are given in Tables 1 and 2.

The agreement factor Rf is given by

Rf �
Pn

i�1 kFobs
i j ÿ jFmul

i kPn
i�1 jFobs

i j
� 100%;

where Fmul
i are the corresponding structure factors from the

multipole re®nement of the data Fobs
i .

The following labelling scheme is used to distinguish

between the different XD re®nements and speci®es the data

and multipole models used in each analysis.
* HF, BLYP, EXP denote that the Fobs

i were obtained from

either the HF or BLYP calculations using CRYSTAL98 or

from the experimental data of Boese et al. (1997).
* CMO denotes parameters obtained directly from the

CMO wavefunction with no multipole re®nement involved.
* L or A denotes the use of �sin �=��< 0:7 AÊ ÿ1 or

�sin �=��< 1:05 AÊ ÿ1 data, respectively.
* U or W refers to the use of ��Fobs

i � � 0:001 or derived

from the experimental data set, respectively.
* S is used to indicate the use of the Stewart et al. (1965)

scattering factors for hydrogen with ��H� � �0�H� � 1:16.

Otherwise, ��H� � �0�H� � 1:2 and the atomic hydrogen

radial function was used.
* D denotes the use of only dipoles on H atoms.

Thus, HF(CMO) denotes values derived directly from a

CMO Hartree±Fock calculation. Likewise, BLYP(A,U,S)

refers to parameters from a multipole re®nement of the

structure factors obtained from a BLYP(CMO) calculation,

using � = 0.001 and Stewart et al. (1965) scattering factors

for H.

3. Theoretical charge density

The theory of atoms in molecules (Bader, 1990) is well suited

to the comparison of charge densities. Topological analyses of

the charge density in order to ®nd the lines of maximum

density connecting nuclei (i.e. bond paths) and the associated

point of minimum density along this line (i.e. the bond critical

points) provide convenient measures of the differences

between calculated and experimental charge densities.

The topology of the charge density for a single NH3 mole-

cule is relatively simple and consists of three bond critical

points and associated bond paths, corresponding to each of the

three NÐH bonds. The bond critical point data for the NÐH

bond obtained from the present calculations are given in

Table 3.

Previous theoretical studies of NH3 using a variety of

quantum-chemical methods show the NÐH bond to be char-

acterized by a bond critical point situated approximately

0.25 AÊ from the H nucleus with values of �(r) andÿr2��rb� of

approximately 2.3 e AÊ ÿ3 and 35 e AÊ ÿ5, respectively (Wang et

al., 1996). The values obtained from the CMO methods used

here are similar [see HF(CMO) and BLYP(CMO) in Table 3].

The presence of a sterically active lone pair of electrons is

fundamental to understanding the pyramidal stereochemistry

of NH3 (Gillespie & Hargittai, 1991). Pairs of electrons are

not, however, apparent in a total charge density. However, the

Laplacian of the charge density [L � ÿr2��r�] shows where

charge density is locally concentrated (L> 0) or depleted

(L< 0), and the arrangement of critical points in L in the

valence shell of an atom is its atomic graph (Bader, 1990). The

correspondence between the location of charge concentration

maxima [i.e. (3,ÿ3) critical points] in L and electron pairs is

well documented for main-group molecules (Bader et al., 1988;

Gillespie & Robinson, 1996). In particular, this observation

Table 3
Bond critical-point parameters for the NÐH and N� � �H bonds from the CMO and XD charge densities.

��rb� (e AÊ ÿ3) andÿr2��rb� (e AÊ ÿ5) are the values of the charge density and its Laplacian at the bond critical point; d(N) and d(H) are the distances from the nuclei
to the bond critical point (AÊ ); �3 is the value of the positive eigenvalue for the N� � �H bond (e AÊ ÿ5).

NÐH bond N� � �H bond

Data ��rb� ÿr2� �rb� d(N) d(H) ��rb� ÿr2� �rb� �3 d(N) d(H)

HF(CMO) 2.43 49.07 0.704 0.305 0.04 0.96 1.23 1.356 1.082
HF(L,W) 2.25 (8) 22.2 (4) 0.690 0.321 0.08 (2) 0.80 (2) 1.52 1.464 0.934
HF(L,U) 2.28 (1) 20.4 (5) 0.675 0.337 0.07 (2) 0.64 (1) 1.31 1.494 0.922
HF(A,W) 2.24 (6) 22.2 (3) 0.688 0.323 0.08 (2) 0.78 (1) 1.53 1.468 0.931
HF(A,W,S) 2.02 (5) 21.9 (3) 0.732 0.278 0.07 (2) 0.72 (1) 1.31 1.505 0.909
HF(A,U) 2.27 (4) 20.8 (2) 0.677 0.335 0.07 (1) 0.65 (1) 1.31 1.516 0.908
HF(A,U,S) 2.02 (3) 19.6 (2) 0.727 0.284 0.06 (1) 0.61 (1) 1.14 1.558 0.937
HF(A,U,D) 2.25 (4) 20.8 (2) 0.690 0.321 0.02 (1) 0.82 (1) 1.03 1.648 0.928
HF(6-21G��,A,U) 2.20 (2) 21.5 (1) 0.716 0.294 0.05 (1) 0.05 (1) 1.36 1.495 0.904

BLYP(CMO) 2.39 33.7 0.706 0.304 0.04 0.94 1.23 1.498 0.923
BLYP(L,W) 2.23 (9) 22.5 (5) 0.710 0.301 0.08 (2) 0.81 (2) 1.51 1.452 0.946
BLYP(L,U) 2.26 (6) 20.4 (3) 0.693 0.319 0.07 (2) 0.67 (1) 1.32 1.482 0.933
BLYP(A,W) 2.20 (5) 21.9 (3) 0.708 0.303 0.08 (1) 0.79 (1) 1.52 1.461 0.938
BLYP(A,W,S) 1.98 (5) 20.5 (3) 0.748 0.262 0.07 (1) 0.74 (1) 1.33 1.495 0.918
BLYP(A,U) 2.24 (4) 21.0 (2) 0.697 0.314 0.07 (1) 0.64 (1) 1.30 1.503 0.929
BLYP(A,U,S) 1.99 (3) 20.1 (2) 0.743 0.268 0.06 (1) 0.67 (1) 1.15 1.540 0.952
BLYP(A,U,D) 2.24 (3) 21.3 (2) 0.708 0.302 0.03 (1) 0.94 (1) 1.16 1.606 0.895
EXP(L,W,D) 2.10 (1) 18.46 (1) 0.727 0.283 0.03 (1) 1.03 (1) 1.20 1.578 0.851



allows electron pairs to be re-de®ned as regions where charge

is locally concentrated. Consequently, L may be used to locate

electron density characterizing bonds and lone pairs. It

provides a tool for gauging differences in charge densities and

will be used here to help characterize the total electron density

in NH3.

The atomic graph of nitrogen obtained from the HF(CMO)

charge density does not show the expected quasitetrahedral

arrangement (Bader, 1990; Aray et al., 1996; Gillespie &

Robinson, 1996) of charge concentration maxima, viz one

maximum along each NÐH bond and one in the lone-pair

region. Fig. 2(a) is a plot of L obtained from the HF(CMO)

calculation and shows two charge concentration maxima: one

in the `lone-pair' region and one in the region `anti' to this. The

charge-concentration maxima expected along the NÐH bonds

are absent, reminiscent of the atomic graphs observed for

some amine molecules (Aray et al., 1996). The BLYP(CMO)

calculation shows the same features.

In the crystalline phase, an important feature of the packing

of NH3 is the presence of intermolecular hydrogen-bonding

interactions, and characterization of hydrogen-bonding inter-

actions in terms of the total charge densities obtained from

theory is well established (Bader & EsseÂn, 1984; Cheeseman et

al., 1988; Popelier & Bader, 1992; Taylor et al., 1995). More

recently, experimental electron densities have been analysed

for hydrogen-bonding interactions (Macchi et al., 2000), and

characterized in terms of �3, the positive curvature of �(r) at

the bond critical point (Espinosa et al., 1999).

Previous work with density functional theory (DFT) has

indicated that the BLYP functional is satisfactory for the

treatment of hydrogen-bond interactions (FloriaÂn & Johnson,

1995; Novoa & Sosa, 1995; Han & Suhai, 1996; Pudzianowski,

1996). Both HF and DFT calculations yielded bond critical

points corresponding to the intermolecular N� � �H bonds.

The N� � �H interaction can also be examined in terms of the

positive curvature of �(r) at the bond critical point. This

approach has been used to examine the O� � �H hydrogen-

bonding interactions in a variety of molecules (Espinosa et al.,

1999), and it is of interest to see how this property transfers

to other hydrogen-bonding interactions, vis a vis N� � �H.

The values of �3 obtained from the various calculations are

given in Table 3 and show reasonable agreement with the

values expected for O� � �H hydrogen bonds extrapolated to a

similar internuclear separation [see Fig. 5 of Espinosa et al.

(1999)].

4. Multipole refinements

4.1. General discussion

The Rf agreement values obtained after the ®nal least-

squares re®nement cycle are given in Table 1 and the corre-

sponding multipole population parameters in Table 2. The

re®nement procedure used here was applied to the low-angle

experimental data set �sin �=��< 0:7 AÊ ÿ1 (Boese et al., 1997).

In this re®nement of the experimental data, denoted

EXP(L,W,D), isotropic extinction was also re®ned assuming a

path length of 0.30 mm. The residuals are low (see Fig. 4) and

the re®nement yields agreement statistics similar to those

obtained by Boese et al. (1997).

While the ®t to the experimental data is good, ®tting to the

theoretical structure factors is less satisfactory as can be seen

from the tabulated Rf values (Table 1). However, ®tting the

experimental data included more variables since it involved

the re®nement of thermal parameters. The use of equal

weights (� = 0.001) [HF(A,U) and BLYP(A,U)] rather than

the experimental weights [HF(A,W) and BLYP(A,W)] leads to

better agreement, and the use of the Stewart et al. hydrogen

functions rather than the exact atomic hydrogen functions has

only a slight effect, causing an improvement in one case
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Figure 2
Plots of L obtained from (a) the HF(CMO) calculation and (b) the
HF(A,U) re®nement. Contours are drawn at intervals of (�2, �4, �8) �
10n e AÊ ÿ3 (n = ÿ3 to �3). Full lines denote regions of charge
concentration (L> 0) and broken lines denote regions of charge
depletion (L< 0). Stars (?) mark the two charge concentration maxima
on each plot.
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[BLYP(A,W,S)] and a worsening in all others. Use of the

re®nement scheme of Moss et al. (1995) without inclusion of

positional or displacement parameters did not lead to any

improvement in the agreement factor. The best ®t to the

theoretical data as measured by Rf comes from the model

®tting the complete set of data �sin �=��< 1:05 AÊ ÿ1 with equal

weight given to all re¯ections, quadrupolar functions on H,

and using the atomic radial function on H [HF(A,U) and

BLYP(A,U)].

None of the models or strategies used was able to make an

excellent ®t in terms of Rf to the densities produced using the

basis set chosen. A different density, however, was produced

using the 6-21G basis (Binkley et al., 1980), augmented by d

and p polarization functions on N and H, respectively (Hari-

haran & Pople, 1973), and included with the CRYSTAL98

software. This basis gives an atomic graph for N which

conforms to that expected from an isolated ammonia molecule

and does not have any maximum in L in the region opposite to

the lone pair. This theoretical density can be much better ®tted

by the multipole model HF(A,U) (Rf = 0.99) than the densities

obtained using the truncated 6-311G** basis.

The goodness of ®t evidenced in the Rf values is con®rmed

by the residual density maps in Figs. 3 and 4. These plots are

for the plane containing nitrogen, one hydrogen and the

threefold axis; thus they pass through the centre of the region

occupied by the lone pair. Re®nement of the experimental

data produced a residual plot with no substantial density in the

sampling plane, indicating that the description of the electron

density by the multipole ®tting strategy used here is reason-

able. Using the same strategy with the theoretical data leaves

residual densities that do have features in this plane. Never-

theless, the electron density is still reasonably satisfactorily

modelled since the highest magnitude of any residual feature

in this plane is 0.34 e AÊ ÿ3 for the model BLYP(A,U,D). All

other residual densities have maximum features of less than

0.29 e AÊ ÿ3 in magnitude (Fig. 4).

Features shown by the residual densities are quite distinc-

tively related to the multipole model. If the model HF(A,U) is

Figure 3
Residual plots for the various re®nements. Contours are at 0.05 e AÊ ÿ3 with full lines denoting positive contours, dashed lines negative contours, and the
zero contour is denoted by the dotted line. (a) HF(A,U), (b) BLYP(A,U), (c) HF(A,W), (d) BLYP(A,W).



taken as a standard then changing to use of the experimental

weights reduces the residue well around the N and increases

the residual peak in the region of the lone-pair region and in

the area opposite the lone pair. The most prominent result of

using the Stewart et al. scattering factors for H is an increase in

the residual well centred around H. Finally, having no more

than dipolar functions on H has the effect of deepening the

residue well around N, obliterating the feature centred on H,

and slightly decreasing the residue features around the N.

Despite the lower Rf value for the HF(A,U) re®nement of the

data from the 6-21G** basis, the residual map from this

analysis still has evident features. However, they are some-

what lower in magnitude than those in the residual maps from

the larger basis set, the largest residue being 0.17 e AÊ ÿ3 (see

Fig. 4).

Further discussion will concentrate on examining the results

from the multipole model that best ®ts the theoretical data for

each of the HF and BLYP calculations. These are the results

HF(A,U) and BLYP(A,U).

4.2. The NÐH bond
Details of the bond critical points are given in Table 3,

which contains information about the charge densities from

the theoretical calculations and after multipole analysis. The

position of the NÐH bond critical point is reproduced by the

best analyses HF(A,U) and BLYP(A,U) with an accuracy of

10%, based on the distance from H. There is little variation in

the positioning of this critical point with the re®nement model

used. The only variation of note is that use of the Stewart et al.

H scattering factors resulted in the critical point being located

closer to the H than the theoretical density, whereas the

atomic radial function for H consistently places it farther from

H. The use of quadrupoles on H does not make a signi®cant

difference.

The charge density at the NÐH bond critical point ��rb� is

reproduced to within 7% for the best ®t results. Other

multipole models are very close to this except when the

Stewart et al. H functions are used, in which case ��rb� is lower

and farther from agreement with the reference density.
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Figure 4
Residual plots for the various re®nements. Contours are at 0.05 e AÊ ÿ3 with full lines denoting positive contours, dashed lines negative contours, and the
zero contour is denoted by the dotted line. (a) HF(A,U,S), (b) HF(621G**,A,U), (c) HF(A,U,D), (d) EXP(L,W,D).
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r2��rb� is more dif®cult to reproduce. For ammonia,

multipole analysis signi®cantly reduces the magnitude of

r2��rb� for both bond critical points and charge concentration

maxima (see Tables 3 and 4). The extreme variability in this

parameter arises because r2��r� is a second derivative giving

the rate of change of the slope of the charge density, which is a

matter of ®ne detail in the surface, and dif®cult to estimate.

This sensitivity has been noted before by PeÂreÁs et al. (1999).

For the NÐH bond, the reduction is 58 and 38% for HF(A,U)

and BLYP(A,U), respectively. Other models do not differ

markedly from this.

4.3. The intermolecular N� � �H bond

Bond parameters for the N� � �H bond are given in Table 3.

The multipole models differ considerably in their ability to

deal with the two reference charge densities in reproducing

the position of the N� � �H bond critical point relative to the

nuclei. HF(A,U), and all other models operating on the HF

density, locate this critical point closer to the H than in the

starting charge density. The error is only 12% but since the

bond length is large this translates to a sizeable absolute value.

By contrast, BLYP(A,U) results in very accurate positioning of

the N� � �H bond critical point in relation to its reference

density. The other bond parameters, ��rb� and ÿr2��rb�, are

small for this weak bond and both are very satisfactorily

reproduced by the multipole models. The fact that multipole

models do not give a large variablity in r2��rb� values when

��rb� and r2��rb� are small has been noted before by PeÂreÁs et

al. (1999).

4.4. Non-bonded charge concentrations

Even though the atomic graphs given by the CMO densities

are unexpected, multipole re®nement faithfully reproduces

the atomic graphs of the starting densities. This is true for the

density from the truncated 6-311G** basis, with its atomic

graph containing a critical point opposite to the N lone-pair

region, and also for the density from the 6-21G** basis which

does not have a critical point opposite the N lone-pair region.

The topological parameters for the critical points associated

with charge concentrations that are not associated with bonds

are given in Table 4. For the theoretical densities under

consideration, there are two such points. One is associated

with the lone-pair region and the other is associated with a

region opposite the lone pair. The XD-generated plots of L

appear similar to the original CMO plot (see Fig. 2) and the

distance of the lone-pair critical point from N is well repro-

duced by the multipole analysis. This is not true for L which

for HF(A,U) and BLYP(A,U) is lowered by 32 and 33%,

respectively. Similarly large errors come from all the re®ne-

ment models used in this study. With the charge concentration

opposite the lone-pair region, there is an opposite effect; L

is raised by the multipole re®nement with HF(A,U) and

BLYP(A,U) giving errors in L of 96 and 64%, respectively.

5. Conclusions

Topological analysis of total charge densities obtained from

crystalline ab initio (CMO) calculations and from multipole

re®nement of X-ray structure factors generated from the same

calculation has provided a method of testing the ability of

multipolar density functions to reproduce a known charge

density. While the multipole re®nement strategies used here

sampled most of the charge density carried by the experi-

mental X-ray structure factors, they could not do as well with

theoretical structure factors. This is clearly shown by the Rf

factors and in residual plots. The ability to reproduce a charge

density is connected to the actual reference charge density, so

that the CMO electron density produced from a 6-21G** basis

is better reproduced than that from the density from a trun-

cated 6-31G** basis. The limited experimental data set is

better ®tted than any of the theoretical charge densities,

although it should be noted that this ®t also involved re®ne-

ment of thermal parameters. In this work, the use of the scaled

Stewart et al. scattering factors for H did not improve the

multipole ®t as compared to use of the scaled atomic H radial

function.
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